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Abstract

We outline the derivation of the cost function used to train Dynamic Network
Modes (DyNeMo) in osl-dynamics.

1 Variational Free Energy

We would like infer the underlying logit at each time point in a sequence by min-
imising the variational free energy,

F = −
∫

...

∫
q(θ1, ...,θT ) log

(
p(x1, ...,xT |θ1, ...,θT )p(θ1, ...,θT )

q(θ1, ...,θT )

)
dθ1...dθT ,

= −
∫

q(θ1:T ) log

(
p(x1:T |θ1:T )p(θ1:T )

q(θ1:T )

)
dθ1:T .

(1)
where q(θ1:T ) is the posterior, p(θ1:T ) is the prior and p(x1:T |θ1:T ) is the likelihood,
θi is the logit at each time point, xi is the observed data at each time point, i =
1, ..., T denotes the time point and we have introduced the notation ξ1:T = ξ1, ..., ξT .
We can separate the logarithm into two terms,

F = −
∫

q(θ1:T ) log (p(x1:T |θ1:T )) dθ1:T −
∫

q(θ1:T ) log

(
q(θ1:T )

p(θ1:T )

)
dθ1:T .

= −LL+KL.

(2)

2 The Log-Likelihood Term

The first term is the log-likelihood term,

LL =

∫
q(θ1:T ) log (p(x1:T |θ1:T )) dθ1:T . (3)

We use the mean field approximation for the posterior,

q(θ1:T ) =
T∏
i=1

q(θi). (4)

Each factor q(θi) is a Gaussian distribution parameterised by a mean mθi(x1:T ) and
variance s2θi(x1:T ), i.e.

q(θi) = N (θi|mθi(x1:T ), s
2
θi
(x1:T )) (5)
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The parameters mθi(x1:T ) and s2θi(x1:T ) are calculated using the inference RNN.
We also assume the data at each time point is independent and only depends on
the logit at that time point, i.e. we factorise the likelihood as

p(x1:T |θ1:T ) =
T∏

j=1

p(xj |θj). (6)

We assume a multivariate normal distribution for the data, i.e.

p(xj |θj) = N (xj |m(θj),C(θj)) (7)

Substituting Eqs. (4) and (6) into Eq. (3),

LL =

∫ [ T∏
i=1

q(θi)

]
log

 T∏
j=1

p(xj |θj)

 dθ1:T

=
T∑

j=1

∫ [ T∏
i=1

q(θi)

]
log (p(xj |θj)) dθ1:T

(8)

For each term in the summation we can factorise the integral as

LL =

T∑
j=1

∫ q(θj) log (p(xj |θj)) dθj

T∏
i=1,i ̸=j

∫
q(θi)dθi


=

T∑
j=1

∫
q(θj) log (p(xj |θj)) dθj .

(9)

We can write the log-likelihood term as an expectation and use a Monte Carlo
estimate to calculate it,

LL =

T∑
j=1

Eq(θj) {log (p(xj |θj))}

≈
T∑

j=1

1

N

N∑
s=1

log
(
p(xj |θs

j)
)
,

(10)

where θs
j denotes the s

th sample from the posterior distribution q(θj) at time point
j. In practice we use just one sample, i.e. N = 1. Therefore, the log-likelihood term
is

LL ≈
T∑

j=1

log
(
p(xj |θ1

j )
)
. (11)

3 The KL Term

The second term in F is the KL divergence term,

KL =

∫
q(θ1:T ) log

(
q(θ1:T )

p(θ1:T )

)
dθ1:T . (12)

We use the mean field approximation for the posterior (Eq. (4)) and factorise the
prior as

p(θ1:T ) = p(θ1)
T∏

k=2

p(θk|θ1:k−1). (13)
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With these substitutions the KL divergence term becomes

KL =

∫ [ T∏
i=1

q(θi)

]
log

( ∏T
j=1 q(θj)

p(θ1)
∏T

k=2 p(θk|θ1:k−1)

)
dθ1:T . (14)

We split up the logarithm as

KL =

∫ [ T∏
i=1

q(θi)

]log(q(θ1)

p(θ1)

)
+ log

 T∏
j=2

q(θj)

p(θj |θ1:j−1)

dθ1:T (15)

and clip the first logarithm to give

KL ≈
∫ [ T∏

i=1

q(θi)

]
log

 T∏
j=2

q(θj)

p(θj |θ1:j−1)

dθ1:T

≈
T∑

j=2

∫ [ T∏
i=1

q(θi)

]
log

(
q(θj)

p(θj |θ1:j−1)

)
dθ1:T

(16)

For each term in the summation we can factorise the integral as

KL ≈
T∑

j=2

∫ [ j∏
i=1

q(θi)

]
log

(
q(θj)

p(θj |θ1:j−1)

)
dθ1:j

 T∏
k=j+1

∫
q(θk)dθk


≈

T∑
j=2

∫ [ j∏
i=1

q(θi)

]
log

(
q(θj)

p(θj |θ1:j−1)

)
dθ1:j

(17)

We denote the integral over dθj by

DKL (q(θj) || p(θj |θ1:j−1)) =

∫
q(θj) log

(
q(θj)

p(θj |θ1:j−1)

)
dθj . (18)

Substituting this into the KL divergence term, we get

KL ≈
T∑

j=2

∫ j−1∏
i=1

q(θi)DKL (q(θj) || p(θj |θ1:j−1)) dθ1:j−1

≈
T∑

j=2

Eq(θ1)

{
Eq(θ2)

{
...
{
Eq(θj−1) {DKL (q(θj) || p(θj |θ1, ...,θj−1))}

}}}

≈
T∑

j=2

Eq(θ1:j−1) {DKL (q(θj) | p(θj |θ1:j−1))}

≈
T∑

j=2

1

N

N∑
s=1

DKL

(
q(θj) || p(θj |θs

1:j−1)
)
.

(19)

We use a Monte Carlo estimate of each expectation using a single sample from each
posterior q(θ1), q(θ2), ..., q(θj−1). Therefore, our KL divergence term is

KL ≈
T∑

j=2

DKL

(
q(θj)) || p(θj |θ1

1:j−1)
)
. (20)

The prior p(θj |θ1
1:j−1) is a Gaussian distribution parameterised by a mean µθj (θ

1
1:j−1)

and variance σ2
θj
(θ1

1:j−1), i.e.

p(θj |θ1
1:j−1) = N (θj |µθj (θ

1
1:j−1), σ

2
θj
(θ1

1:j−1)). (21)

The parameters µθj (θ
1
1:j−1) and σθj (θ

1
1:j−1) are calculated using the model RNN.
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4 Cost Function

We use the variational free energy as our cost function,

L = F = −LL+KL

L = −
T∑

j=1

log
(
p(xj |θ1

j )
)
+

T∑
j=2

DKL

(
q(θj) || p(θj |θ1

1:j−1)
)
.

(22)
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